We study the Holstein model on a square lattice across the polaronic crossover by using an adiabatic approximation to compute the lattice distorted backgrounds and a Gaussian expansion in dynamical modes to compute phonon spectral properties. We capture phonon dynamics from the perturbatively renormalised weak coupling end to the 'polaron insulator', addressing in particular the thermal evolution of spectral features in the crossover regime. In the weak coupling metal our results indicate validity of perturbation theory over a coupling dependent temperature window, with well-defined dispersive phonons. Deep in the polaronic insulator the phonon bandwidth is narrow and the detailed dispersion and damping depend on the degree of charge correlations. In the crossover regime, proximity to the polaronic instability leads to large fluctuation of the static distortions with increasing temperature. In this coupling window the electron system is pseudogapped, and phonons have the maximum bandwidth and damping -with the dispersion showing signature of short range charge order. We provide a detailed quantitative estimate of phonon properties in the adiabatic regime, suggest an universal 'phonon phase diagram', and relate our results to recent neutron scattering observations in several oxides.
I. INTRODUCTION
Strong electron-phonon interaction is a crucial ingredient in the physics of many functional materials 1 . Among these are phonon mediated superconductors like alkali doped fullerides 2 , BiO based compounds 3 , the colossal magnetoresistance manganites 4, 5 , and possibly even the cuprates 6, 7 . The presence of strong electron-phonon (EP) coupling in these materials is suggested in some cases by mid-infrared absorption 2, 3 and in some others by neutron scattering 6, 7 . In doped manganites 15 , one observes anomalous broadening and softening of bond-stretching phonons along the [110] direction in the vicinity of a short-range charge ordered (CO) insulator. Similar softening and band-splitting features have been reported in doped nickelates 16 near a checkerboard ordered phase. In cuprates 17 , phonons are strongly affected for momenta close to the ordering wavevector of stripe order.
Strong EP coupling leads to formation of a bound state between an electron and a phonon cloud. This large mass object, the polaron, moves via coherent tunneling in the ground state. The overall parameter space of the EP problem involves: (i) the ratio λ of 'polaron binding energy' E p to electron hopping t, (ii) the ratio γ of the phonon frequency Ω to electron hopping, indicating the degree of 'adiabaticity', (iii) the electron density n, and (iv) the temperature T . The physically interesting regime corresponds to large λ, small but finite γ, finite n (as in real metals), and finite T . The problems are broadly to (a) understand ordering tendencies and spatial correlations in the system, (b) clarify the spectral and conducting properties of the polaron fluid, and (c) the impact of polaron formation and charge correlations on the phonon dynamics.
The zero temperature EP problem has been tackled by various methods like Migdal-Eliashberg (ME) perturbation theory 8 , variational techniques 9 , numerical diagonalization 10 , and the adiabatic expansion approach 12 . This has created an understanding of ground state energies, polaron bandwidth, and electron effective mass from variational studies. Thermal effects can be probed, again, via ME theory (except for a possible breakdown at strong coupling), and non perturbative schemes like quantum Monte Carlo 13 (QMC) and dynamical mean field theory 14 (DMFT). DMFT suggests the formation of polaronic quasparticles at low temperature and a non trivial broadening with increasing temperature 19 .
Past investigations of phonon physics have revealed the opening of a Peierls gap in the strong coupling spinless 1D model 20 . DMFT gets a softened mode 21 , but misses the momentum dependence of phonon broadening. A comprehensive semi-analytic study of phonon spectra at low filling in 1D has been done 22 . In the 2D Holstein model, phonon dispersion at weak coupling have been calculated within dynamical cluster approximation (DCA) 23 . However, the impact of polaron formation on phonon properties, in 2D or 3D lattice systems at 1, at a typical high density, n = 0.4, for varying electron-phonon coupling and temperature. The coupling g is normalised by the critical coupling for polaron formation gc(n), and the temperature by the bare phonon frequency Ω. Notation: λ ∝ g 2 (dimensionless electron-phonon coupling), BW: phonon bandwidth, Γ k : phonon damping. The functions f1, f2 are described in the text. LR-CO: long range charge order, etc. g gc: perturbative at low T g < ∼ gc: perturbative at T = 0 g ∼ gc: localised, 'wide band' g > gc: localised, narrow band T = 0 ω(k) and Γ(k) dictated by the bare electronic polarisability. ω(k) shows a Kohn anomaly for n ∼ 0.5. The phonon bandwidth and damping both have overall scale γλt.
Perturbative, as in the previous column, with larger λ.
Undamped single branch ω(k) at n = 0.5. For n near 0.5 a split feature in ω(k), large, k dependent Γ(k), with overall scale ∼ γt/λ. For n 0.5 a flat, bimodal dispersion.
Same as in the previous column, with a suppression of the overall scale γt/λ since λ ∝ g 2 .
T Ω Same as above, with weak T dependent increase in Γ(k)
Splitting feature near (π, π) for n ∼ 0.5, Γ(k) much larger than predicted by perturbation theory.
Well-defined, narrow band except near (π, π), smudging out of split-branch feature for n ∼ 0.5
For n ∼ 0.5 the T = 0 behaviour persists in ω(k) to T ∼ γt/λ while Γ( k, T ) increases. For n → 0, ω(k) still ∼ Ω. T ∼ Ω Appearance of a splitting in ω(k) near (π, π), T dependent increase in Γ.
Similar qualitative features as above
Splitting feature near (π, π) washed out as CO correlations vanish.
Similar qualitative features as above.
T Ω Survival of the splitting feature in ω(k) near (π, π), as above. Larger Γ(k)
Similar to above but with larger damping
Broad band with k independent Γ ∼ γt/λ Similar to above but with the split feature near (π, π) washed out. finite tempreature, does not seem to have been addressed. We feel the following aspects of phonon physics remain poorly understood. (i) The impact of large amplitude thermal fluctuation of the structural background, close to the polaronic transition, on the dispersion and lifetime of phonons.
(ii) The impact of charge order correlations (maybe short range), which depends on electron density and temperature, on the phonon spectrum. (iii) The effective 'localisation' of electrons at strong coupling and low finite temperature, and the resultant localisation of the phonon modes. The selfconsistent localisation of both electron and phonon modes would have an implication for many body localisation.
To address these, we use a framework that works in real space, so that spatial correlations are retained, and real frequency, so that dynamical information is readily accessed. We probe the quantum phonon modes via an expansion about the numerically 'exactly solved' classical problem, building back quantum dynamics through a Gaussian expansion. We explain the method in detail later.
We provide a detailed picture of the phonon spectral function over the λ − T parameter space, focusing on the adiabatic regime, Ω/t 1, and look at two density regimes. These are (a) n = 0.4, which, in our spinless model, is close to halffilling and CO correlations are significant, and (b) n = 0.2, where CO correlations are not relevant. At a given n, and T = 0, there is a scale λ c (n), within the classical picture, where the electron system has a transition from a band metal to a polaronic insulator. λ is proportional to g 2 , where g is the traditional EP coupling. With g c as the reference coupling, our main results on phonon spectra are as follows:
(i) At weak coupling, g g c (n), our results for the dispersion ω(k, T ) and the damping Γ(k, T ) agree with the standard one-loop phonon self energy result, with both ω(k) and Γ(k) having an overall scale ∝ γλt. Expectedly, for n → 0.5 the dispersion ω(k) shows a Kohn anomaly at (π, π) while Γ has a maximum there. (ii) Approaching the polaronic transition, i.e, g < ∼ g c , the low temperature result is similar to (i), but for n → 0.5 increasing temperature generates an apparent bandsplitting near (π, π). For n 0.5 large damping wipes out the dispersion, except near (π, π), with increasing temperature. (iii) Just beyond the transition, for g ∼ g c , the spontaneous inhomogeneity in the classical ground state breaks the translation invariance of the lattice. For n → 0.5, short range CO correlations generate a 'two branch' dispersion. Increasing T smears out this feature. For n 0.5, ω(k) is mainly flat, two-branch at very low T and Γ(k) is smaller compared to the near half-filling case. Since tunneling effects are expected to restore translation invariance at low T , we expect these results to be valid above a small temperature scale. (iv) Deep in the polaronic phase, for g > g c , a narrow band, with width ∼ γt/λ, emerges for n → 0.5. In the low n case, where the polarons are widely separated a nearly dispersionless mode coexists with a small, split-off weight near (π, π). In Table. 1, we have summarised these observations for ready reference. Fig.1 features the thermal phase diagram, with phonon regimes noted in red, the electronic phases in green and the approximately ordered regions demarcated. We discuss the figure in detail in the results section.
The rest of the paper is organised as follows: in Section II we discuss our model and method in detail. The results, in Section III, are first quoted for n = 0.40, where CO correlations are appreciable, and then for n = 0.20 where CO correlations are expected to be much weaker. A discussion follows in Section IV on the applicability and interpretation of our results. We conclude in Section V, and provide some of the detailed formulae in an Appendix.
II. MODEL AND METHOD
We study the single band, spinless, Holstein model on a 2D square lattice:
Here, t ij 's are the hopping amplitudes. We study a nearest neighbour model with t = 1 for two values of density, viz. n = 0.40 and n = 0.20. K and M are the stiffness constant and mass, respectively, of the optical phonons, and g is the electron-phonon coupling constant. We set K = 1. In this paper, we report studies for Ω = K/M = 0.05, which is a reasonable value for real materials. We also studied Ω = 0.1 but the results were qualitatively similar. The chemical potential µ is varied to maintain the electron density at the required value.
The model above leads to the action
Here ψ i and φ i are the fermion and coherent state Bose fields respectively. and β denotes the inverse temperature and we use units where k B = 1,h = 1. The relation between the real and coherent state fields is
In QMC 13 , one 'integrates out' the fermion fields to construct the effective bosonic action. The equilibrium configurations φ i (τ ) of that theory are obtained via Monte Carlo sampling. Physical correlators are then computed as averages with respect to these φ i (τ ) configurations. Within DMFT 14 one maps the original action in Eq.(2) to an impurity problem, with parameters determined through a self-consistency condition.
In the adiabatic limit (or SPA strategy), one treats the x i as classical fields, neglecting their imaginary time dependence. This corresponds to the case of infinite M for a fixed K. Our method retains the quantum character of lattice vibrations perturbatively.
The full action containing the electrons and displacement fields can be rewritten in frequency space as-
where α and β are fermionic Matsubara frequencies, m is a Bose frequency. To get the partition function, one integrates over ψ iα , x i0 and the x im fields.
The next step is to separate the Bose field into zero and non-zero Matsubara modes. We write S = S 0 + S 1 where the first part contains fermions coupling only to the zero frequency (static) mode and the second, the finite modes. We can formally 'diagonalize' the fermions in presence of the static mode to write S 0 as-
where ξ's correspond to the fermionic eigenmodes in the {x i0 } background. S 0 defines the static path approximation (SPA) action. The eigenvalues ( l 's ) depend non-trivially on the {x i0 } background. To obtain the effective zero mode distribution P {x i0 }, one has to integrate out the fermions. At the SPA level, there exists an effective Hamiltonian H ef f , depending on x i0 , for the fermions and the distribution can be formally written as-
Around the SPA action, we set up a cumulant expansion of S 1 . Owing to the disparate timescales of the phonons and electrons, we attempt a sequential integrating out. First, the fermions are traced out and one obtains the following expression for S 1 in terms of the x i (iΩ m ):
Analytic determination of the trace is impossible beyond weak coupling. Our method constitutes of expanding the trace in finite frequency x i modes upto Gaussian level. Physically, we assume that the quantum fluctuations are small in amplitude, controlled by a low γ = Ω/t ratio. Retaining only quadratic terms in the dynamic modes allows us to analytically integrate them out later. The method is obviously perturbative in γ as we diagonalize the fermions in presence of static distortions and evaluate correlation functions on this 'frozen' background, which enter as coefficients of the quadratic Bose term for finite frequencies. After re-exponentiating this term (in the Gaussian approximation spirit), the new partition function becomes-
where
Here Π m ij is a one-loop fermion polarization correcting the free Bose propagators. The expression for this is
s are Matsubara components of real-space fermion Green's functions computed in an arbitrary static background. One can write a spectral representation of this as follows-
where u in is amplitude at site i for the nth eigenstate of the SPA Hamiltonian and n 's are the corresponding eigenvalues. If we integrate out the finite frequency Bose modes (in S 1 ), a new x i0 theory emerges. One can treat this resulting action with classical Monte Carlo (MC) simulations to obtain the optimal background in which the fermions move. This basically means that at each MC update, one uses the sum of the SPA free energy and the contribution from the finite frequency Gaussian fluctuation, to compute the update probability. This method, called the perturbed static path approximation (PSPA), has been explored in other contexts before 25, 26 . One can write down the free energy of PSPA theory as a sum of two terms-
where one calculates F SP A directly from S 0 . The calculation of the determinant is computationally O(N 4 ) for each Matsubara mode. One may simplify it in the low γ regime by approximating 24 the Π m ij by Π 0 ij , in which case one can write down an explicit phonon Hamiltonian and find the eigenmodes.
However, we have found that in our case the distribution of 'static' lattice distortions changes very weakly on inclusion of the new 'particle-hole' process. The comparison between SPA and approximate PSPA distributions for the classical phonon mode appears in the results section for density n = 0.40. The backgrounds finally used for the determination of phonon propagator were actually calculated using the SPA method. In this scheme, we sample over the various x i0 configurations and use the sum of the fermion free energy and classical elastic energy as the Boltzmann weight.
The fermion diagonalization for arbitrary static distorted backgrounds has to be dealt with numerically. To access large system sizes within a reasonable simulation time, a cluster algorithm is used for each Metropolis update. The method has been extensively benchmarked earlier. Our studies are on 32×32 lattices using 8×8 clusters.
The coefficient of the quadratic Bose term of S 1 in (9) defines the inverse propagator (D −1 ) ij,m for the renormalized phonons. One can view the Π m ij as a self-energy for the phonons in real space, correcting the bare propagator. To get the renormalized Green's function, one needs to solve a Dyson's equation on the lattice with possibly inhomogeneous backgrounds.
Here the bare phonon propagator D −1 0,ij is defined through the equation-
where we have analytically continued the Green's functions to real frequency and D
−1
0,ij denotes the inverse propagator for the bare phonon. This involves a calculation that grows as O(N 4 ) with increasing lattice size N . For lattices of size 16×16, this computation was implemented.
While we used the scheme above as our benchmark, we tried out an approximation, explored earlier in the context of DMFT, where the polarization is replaced by its ω m = 0 component for all the Bose modes 24 . This approximation renders a direct solution of Dyson's equation for the phonon propagator unnecessary. Instead, to extract the renormalized spectrum, one has to solve a single Hamiltonian problem for the bosons in real space for each background configuration. The eigenvalues determine the poles of phonon spectrum, with weights dictated by the eigenvector amplitudes on various sites. A low adiabatic ratio (Ω/t) justifies the scenario, if the dominant frequency dependence of Π ij (ω) is on the scale of t. The approximation is justified in the strong coupling limit, as the imaginary part of the polarization becomes gapped out. Even in the weak coupling region, the effect of phonon broadening is not drastic. However, at intermediate coupling, where the polarons start to form and are disordered (the polaron liquid state), the phonon spectrum has significant lifetime corrections. If we approximate Π m ij by a real quantity, this effect is not captured.
The polaron crossover makes the phonons lose coherence even at very low T . On polaronic configurations, Π ij (ω) is not translationally invariant. We take a Fourier transform of D ij with respect to ( R i − R j ), compute the phonon spectrum and finally average over equilibrium backgrounds at several temperatures. From this Bose propagator, we also find out the phonon density of states (DOS) by tracing over momenta. The formulae used for computing Π 
III. RESULTS
We organize the results as follows. First, the optimal static background features are shown. These include the distribution of distortions P (x 0 ), the structure factor S(π, π) and some snapshots of spatial configurations. A comparison of the full PSPA calculation and the approximate SPA result is featured. Based on that, it's argued that SPA is sufficient as regards background determination. A coupling-temperature (g − T ) phase diagram is shown thereafter, featuring metallic (M), polaronic insulating (PI) and charge ordered (CO) phases. Next, the spectral maps in ( k, ω) space of the phonon propagator, calculated with the full frequency dependent Π ij (ω), are featured. These spectra were calculated for small sizes (16×16).
Simulations of the same quantity for a larger system (32×32) using static Π ij are exhibited next. Their comparison highlights regions in the parameter space where the latter calculation is useful. To enable a closer look into phonon properties, we plot the lineshapes for a couple of high symmetry k-points in the BZ -(π, 0) and (π, π). We also include a figure featuring gradual evolution of phonon spectrum on going along a specific trajectory in the BZ. Lastly, the plots of phonon DOS based on the full Π ij (ω) calculation and phonon wavefunctions, from the static polarization computation are shown.
A. Background
To connect the features observed in phonon dynamics to the behaviour of the static mode, we examine some salient characteristics of the P (x 0 ) distribution for weak and strong coupling. Fig.2 (a) and 2(b) depict our conclusions. All temperatures here have been quoted in units of hopping amplitude t = 1. These have been computed using the SPA method. Incorporating quantum corrections at this level leads to very similar results, down to the lowest accessible temperature at which the Gaussian approximation remains valid. For reference, we show the comparison between SPA and PSPA distributions for T = 0.05 across the polaronic crossover in g=2.40 g=2.50 g=3.00 g=4.00
Variation of S(π, π) with temperature for various couplings. This plot exhibits the tendencies of the system towards charge-ordering at various couplings. g = 2.40 sets the rough onset coupling at which the T = 0 value has an appreciable magnitude. The ordering temperature varies roughly as Tc ∼ g −2 . For perfect charge order, expected at exactly half-filling, the zero temperature value is 0.5. One has a significant reduction here even at the strongest coupling (g = 4.00) due to dilution effects and associated domain formation.
Fig.2(c) and 2(d).
The striking similarity between the effective classical and quantum corrected distributions may seem unexpected, given there exists a marked difference between them in DMFT. However, spatial fluctuations seemingly allow for only a small deviation in the true real space implementation. The main feature in the plots is a transition from unimodal to bimodal character with increasing coupling, signifying polaron formation. The critical value of coupling for this density at zero temperature is g c = 1.60. Translation invariance is preserved at weak coupling. The electrons in this regime behave as in a simple tight-binding model. The mean value of lattice displacements depends on density.
At strong coupling, the lattice contains unequal fractions of distorted and undistorted sites. As a result, the electronic spectrum is gapped out. Heating up the system restores some weight in the intermediate values of displacement, ensuring a resultant thermal gap filling of the electronic density of states (DOS). Due to kinetic energy gain through virtual hopping, formation of finite lattice distortions at a non-zero density is always associated with local ordering. Close to commensurate fillings, the order becomes global.
To access these features, we examined the S(π, π) structure factor in addition to this 'marginalized' distribution for the zero mode. CO correlations are supposed to affect the system close to half-filling. Consequently, on the top part of Fig.3 , we see a pronounced maximum in S(π, π) for n = 0.40 at the lowest temperature. Thermal fluctuations quickly kill off the tendency to form an ordered pattern, as is expected. The kinks observed in both the g = 2.40 and g = 4.00 curves are due to finite size effects as well as limited annealing, and should actually vanish in the thermodynamic limit if true equilibriation is reached. In the strong coupling regime, one may use an approximate analogy to a constant magnetization Ising model with AF coupling. For a positive definite magnetization value, one sees ferromagnetic patches in the low-temperature state of this model, which affect the global ordering there too.
B. Thermal phase diagram
For the given density (n = 0.40), the phases featured by the model are depicted in Fig.1 . The electronic phases may be classified into a metallic (M), pseudogapped (PG) and insulating (I) regimes, represented in green letters. The region to the extreme left of the red transition line characterizes the weak coupling metallic phase. The lattice translational symmetry is retained and one has simple tight-binding model physics in this regime. The region to the far right is the polaronic insulator. The critical coupling for the crossover between these phases is temperature dependent. One has a sharp, first-order transition at zero temperature, which gets gradually smoothened on heating. The SR-CO region is short-range charge ordered. The dotted black line is a tentative boundary in the T − g plane upto which this survives. The bottom right part of the picture features the long-range ordered CO phase (LR-CO). Though one is slightly away from commensurate filling, a remnant of the half-filling instability shows up at low temperature. The phonon regimes are depicted through notes in red. The small region below the dotted parabolic line in the bottom left corner is recoverable through bare perturbation theory. The bandwidth (BW) is proportional to Ωλ and the lifetimes (Γ k ) have a similar scale multiplied with a BZ periodic function f 1 ( k). Above the line, an extension of perturbation theory is expected to work, taking into account polaronic fluctuation effects through a weak-coupling expansion. In the electronic PG regime, both BW and Γ k are of order Ω, the bare frequency. The spectrum is very incoherent, with feeble momentum dependence that gets destroyed on heating up. In the insulating phase (I), a scale with the latter containing another BZ periodic function f 2 ( k), containing the momentum dependence. We remark that both the dimensionless functions f 1 ( k) and f 2 ( k) have maxima at (π, π).
The region to the bottom of the dashed purple line represent areas in the g −T phase diagram where the SPA method is unstable to quantum fluctuations. This means that one can't implement a PSPA calculation, improving on the former method in those regimes as the partition function of the augmented theory becomes ill-defined (negative). The line corresponds to γ = 0.05. Since this value of quantum parameter allows us to explore the crossover with considerable freedom, we chose that value for all our computations. This also turns out to be close to the adiabaticity parameter of some actual materials. Fig.4 summarizes our findings on the full phonon spectrum. Due to even symmetry of the propagator, only the positive branch is chosen for plotting. The evolution with increasing coupling is shown along the horizontal axis, from top to bottom. Plots for the lowest T /Ω = 0.2 are in the first row. At weak coupling (g/g c ∼ 0.70), we see a reasonably sharp dispersion. The locus of mode values against momentum obtained agrees well with a perturbative spectrum calculation done in momentum space. Importantly, at this density, there exists a signature of the nesting driven Kohn anomaly, expected to be most acute at half-filling. This is evident from the softening of the spectrum at K point. The (0, 0) mode remains unrenormalized, as is expected. Heating up the system has no significant impact on the spectral features. This is most effective in the Γ−X part of the figures. There's also a hint of bifurcation, which becomes prominent on increasing temperature, near the K point. We presume this as a result of phonons sensing the polaronic instability at finite T .
C. Overview of phonon behaviour
Moving to intermediate values of coupling (g/g c ∼ 0.90), just before the actual polaron transition at T /Ω = 0.2), we see an overall softening, retaining the weak coupling shape of the dispersion, with some incoherent features in the spectrum close to (π, π). The first reason being at this coupling, true translation invariance is on the verge of breaking down and one no longer has a very good definition of 'dispersion', as configurations of the static mode fluctuate considerably. Secondly, the existence of quantum fluctuations on top of a disordered state introduces a lifetime in the phonon excitations. Although this is present even at the weaker coupling, the effectiveness of them increases in this regime. Along the Γ-X line, one still retains a sharp sense of dispersion.
For g/g c ∼ 1.20, we see a marked change in the locus of the modal values, and a smooth joining up with the strictly unrenomalized phonon at (0, 0). Appreciably large lifetimes are observed, even at T /Ω = 0.2, near K point. Genuine incoherence sets in with increasing thermal fluctutations throughout momentum space, with the map for the highest temperature looking quite broad and only weakly momentum dependent. A splitting of spectral weight, precursor of a bifurcation, is seen for low to intermediate temperatures. Moreover, an overall tightening of mode values is observed about the bare optical frequency. We note that the effects of finite temperature and actual polaron formation are both important here. As a result, one gets localized phonon modes in this regime, which is discussed in detail later.
At the highest coupling exhibited in Fig.4 (g/g c ∼ 1 .50), a clarity reappears in the spectrum. The lowest temperature map features a narrow, somewhat wide (Γ( k, T ) ∼ t 2 Ep ) but welldefined band co-existing with a split-off, thin set of modes at the bare frequency value. A rather prominent bifurcation shows up around a small window of the K point. Possibly, the tendency of the system to order globally affects the phonons at this coupling. One may correlate this with the observation of a sharp rise in S(π, π) in Fig.2 distortions maintaining the density and local ordering constraints.
The computation of phonon spectra may be done on bigger system sizes if one makes the approximation of neglecting the frequency dependence in the electron polarization, as discussed previously. To investigate whether this method of calculation changes the results drastically, we repeated our simulations across the crossover for the same parameter values using a static Π ij .
The overall trends turn out to be qute similar, as can be seen from Fig.5 . However, a closer look reveals certain quantitative differences. Firstly, at weak coupling, we miss the unrenormalized mode at Γ and get a more prominent Kohn anomaly-like feature at K. The maps depict a sharper dispersion, thanks to the absence of electronically generated phonon lifetimes. Across the polaron transition, we get broad bands, but the widths are less severe compared to the 'semi-exact' answer. The strong coupling results (in the 4th column) look virtually identical to their counterparts in Fig.4 , barring the difference in widths about modal values. The tentative reason for this is the presence of a large gap, whose scale is given by the polaron binding energy, in the phonon self-energy. Generally, the 'dynamic' content in electron polarization becomes cumulatively less important as we heat up. This can be confirmed by comparing the last row of the present figures with those given in Fig.4 . In summary, the static polarization calculation does fairly well at the weak and strong coupling ends, but fails in quantitatively describing phonon properties across the crossover.
In Fig.6 , we fit the results obtained using the full calculation in terms of first and second moments to extract the mean frequencies (ω( k)) and lifetimes (Γ( k)). This elucidates the phonon properties described earlier in the text more quantitatively. One observes a well-defined dispersive mode at weak coupling with progressively increasing lifetimes generated by heating up. Going past the crossover (g/g c = 1.2), the modes near K point have a large Γ( k) which is also quite sensitive to thermal effects. Although the splitting of phonon band demands a more sensitive probe than the second moment calculation for the broadenings, the overall picture is evident. A much narrower dispersion is seen for strong coupling (g/g c = 1.5), which mildly responds to increasing temperature near (π, π).
D. Detailed phonon properties
The full maps of phonon spectral function reveal the overall features of lattice dynamics. To elucidate the interesting properties further, we plot the lineshapes for certain special values of momenta in the BZ. The organization of this section is done in terms of coupling regimes: weak (g << g c ), intermediate (g ∼ g c ) and strong (g > g c ). In each of these, we focus on the spectral features at X and K points in the BZ. One can analyze the contrast between these momentum values as only one of them is important in context of CO order.
The intent is to pinpoint features regarding thermal evolution at a fixed coupling. These are 'vertical' sections in the T − g phase diagram. All frequencies mentioned here are in units of hopping amplitude t = 1. A plot of the full phonon DOS is shown next, calculated by tracing ImD(k, ω) over momenta. To gain further insight into phonon localization properties, we exhibit their wavefunctions computed form the approximate polarization calculation. Lastly, a plot consisting of lineshapes for several equispaced momenta along Γ − X line is included. This focuses on the gradual evolution of phonon spectral functions in the BZ for a low (T /Ω = 0.6) temperature.
Weak coupling: g gc
In the left panel of Fig.7 , we see the (π, 0) spectra. At weak coupling, we have a mean frequency at about ω = 0.04 and a very feeble, thermally induced broadening on increasing T . The distribution is fairly symmetric about the mean value. The (π, π) spectra reveal a more interesting behaviour. One has an evolution from a faintly bimodal distribution at low T to two well-defined maxima at almost ω = 0.035 and ω = 0.045 for g/g c = 0.7 with increasing temperature. Thermal evolution hardens the mode frequencies nominally.
In Fig.8 , the phonon DOS for weak coupling is featured. These are computed using the full Π ij (ω). A slightly asymmetric distribution broadens feebly with increasing T . On increasing coupling, polaron formation imparts a definite asymmetry in the lineshapes, as seen in Fig.9 . Loss of translation symmetry broadens the dispersion curves considerably. This is seen most starkly in the A(π, π) lineshape. However, no actual branching of the spectrum is observed for either of (π, 0) or (π, π) spectra. Finite widths are introduced due to three reasons-polaron formation, quantum lattice fluctuations and temperature effects. Hiking up T doesn't affect the spectrum very much, as quantum effects typically dominate over thermal influences.
Close to the crossover, we may clearly observe the DOS in Fig.10 to be quite broad even at the lowest T . This is a result of broken translational symmetry and quantum fluctuations, as discussed earlier. The thermal effects are rather mild.
Polaron insulator: g > gc
At the strongest value g/g c , we see a stiff mode accompanied by a small, incoherent residual weight for (π, π) spectrum in Fig.11 . In this deep polaronic phase, the spectrum regains clarity. We again observe weights distributed mainly over two mode values, with unequal widths. Greater weight resides on the softer frequency. Thermal fluctuations can't really fuse the bifurcations to recreate an unimodal shape, contrary to the static polarization results. Lastly, there is an overall hardening of the spectrum at strong coupling. The DOS curves get sharper compared to the transition region, as seen in Fig.12 .
We interpret this as the system trying to order itself.
In Fig.13 , we feature the lineshapes for several momenta along the K − Γ line in BZ at a low temperature T /Ω = 0.6. The results are for increasing coupling form top to bottom. The intermediate g/g c plots clearly show an evolution from a broad, bimodal shape to one with an effectively single mode as we move away from (π, π). Essentially, this trend highlights the effect of charge ordering quite clearly. The enhanced decoherence features near K point is emphasized. The re-entrant clarity in the strong coupling spectrum is also immediately seen from this figure.
The phonon wavefunctions (more specifically site-resolved probabilities), computed within the static polarization approximation, are featured in Fig.14 . The six representatives for each coupling regime are chosen from the bottom, middle and upper parts of the phonon band and lie in equal intervals. For the weakest coupling (g/g c = 0.95), we see a localization tendency only in the first picture, which is quickly wiped out as one moves to higher eigenstates. The temperature here is T /Ω = 0.2 and one is notionally close to critical coupling (g c = 1.60) at this g. The advantage of our method is in capturing these fine details for phonons at appreciably large sizes of the phonon band exhibits a localization length comparable to the lattice spacing. Even higher energy phonons are quite localized, albeit with a larger localization length.
E. Low density, n = 0.20, absence of CO correlations
The main features of the static mode remain the same as in the previous case. At this density, the critical coupling is enhanced to g = 2.20. Since the CO instability close to halffilling is irrelevant, the structure factors don't show any sharp feature and are not shown in the paper.
The full maps of phonon spectrum are featured in Fig.15 . The first row is for T /Ω = 0.2, the lowest temperature. Very close to the crossover (g/g c = 1.0), near (π, 0), the softening is quite pronounced. Lifetime effects are quite dominant too. There's a rather dramatic restoration of clarity in the phonon spectrum as one goes across the transition. Secondly, there is still a band-splitting at intermediate coupling in the polaronic phase, although the branches themselves are non-dispersive. The nature of this feature changes as we go to the deep polaronic phase. One has three branches near the crossover evolving to two at strong (g/g c = 1.4) coupling. Their locations in momentum space also shift from an extended region at intermediate coupling to the vicinity of (π, π) at strong coupling.
Moving to higher temperatures, we see larger broadenings except near (π, π). In the intermediate coupling region, a single flat phonon band emerges, with small, incoherent weights near (π, π)which ultimately disappear on further heating. At even stronger coupling, the thermal effects are quite mild, but ultimately leads to a merging of the two phonon bands.
IV. DISCUSSION

A. Breakdown of the Gaussian expansion
In this paper, we have studied phonons within a Gaussian theory for the finite frequency modes across the polaronic crossover. However, at low temperatures, the PSPA action becomes ill-defined, signalling a breakdown of the overall scheme. This can be interpreted (within the static polarization approximation) in terms of large imaginary phonon frequencies appearing in the renormalized Bose theory. An equivalent of this has been seen in DMFT 24 and is probably related to instanton effects for |Ωi| 2π < T , where Ω i is a renormalized phonon frequency. The quantum partition function (in PSPA theory) for the finite frequency modes can be written in terms of these frequencies as-
The large imaginary frequencies make Z Q negative, which invalidates the PSPA approach. However, since our computation of phonons based on SPA backgrounds can be continued at even lower temperatures, we've shown data below this 'breakdown line' also. We don't observe any drastic modifications in the nature of the spectrum in that regime compared to the region above the dividing line.
B. Approximate analysis at weak and strong coupling
In Fig.16 , we compare our weak coupling results with a perturbative (one loop self-energy) calculation done in momentum space for n = 0.4. The couplings chosen are g/g c = 0.62 and g/g c = 0.75. A reasonable agreement in the former case (top vs. bottom panel in first column) shows that our method is able to reproduce answers obtained using standard techniques at this coupling. However, going closer to the crossover, thermal effects seen within the MC are not captured by perturbation theory. Larger lifetimes are observed, along with more pronounced softening near (π, π). Basically the phonons sense a proximity to the translation-symmetry broken polaronic phase. The relevant scale for this effect is supposedly T ∼ Ωλ(∆x) 2 , where ∆x is the standard deviation of the static distribution of displacements. Large thermal fluctuations are seen in the P (x 0 ) distribution which also tend to order locally in a chessboard-like pattern. In fact, one observes a rather dramatic development of a precursor spiltting on going further close to the crossover. We remark that such 'polaronic fluctuation' effects are indeed observed experimentally in the context of doped manganites 15 .
We also tried to get a semi-analytic handle on the explanation of the spectral branching close to half-filling for g > g c . For this, we chose a nearest neighbour model of the form-
Ep , which is supposed to be the charge ordering scale at strong coupling. In Fig.17 , we show a comparison between phonons computed on equilibrium configurations of this model at low temperature and the actual MC data. We see that qualitatively the branching feature is explained.
C. The strong fluctuation crossover window
To the left neighbourhood of the polaronic crossover, one has strong damping effects arising from large thermal fluctuations of the static phonon field. These can affect the coherence of phonons appreciably, even without actual formation of large distortions on the average. The damping scale due to such fluctutaions should be proportional to Ωλ(∆x) 2 where ∆x is the standard deviation of static distortions. The main effect of this, for density close to half-filling, is the observation of a precursor splitting near (π, π) owing to CO correlations. One can't capture this within the usual one-loop perturbative scheme. For a dilute filling, one sees anisotropic, large broadenings not explained by a one-loop perturbative calculation about an uniform background.
To the right side of the polaronic crossover, spontaneous distortions have already formed. The thermal effects operate on top of this landscape. As a result, a fluctuation scale of the form panel and the corresponding phonon spectra in the bottom panel. The emergence of short-range correlations starting form g/g c = 1.2 starts imparting its effect on the DOS, which in turn affects the phonons. We see that the pseudogap sets it at g/g c ∼ 1.2 and deepens progressively with increasing coupling. The phonons are very incoherent to begin with and has significant softening feature at (π, π). Moving to the right, the correlations amongst spontaneous lattice distortions become more robust and the phonons regain clarity. The splitting feature at (π, π) is clearly visible for g/g c = 1.3 and is related to large domains of checkerboard order being formed.
D. Probing materials
Several recent experiments 15 suggest a crucial role of CO fluctuations surviving in the metallic phase of doped manganites in broadening and softening of bond stretching phonons close to the CE ordering wavevector. Even down to temperatures ∼ 0.1T c , where T c is the critical temperature for the metal-insulator transition, one observes strong phonon anomalies in comparison to the conventional shell model. ARPES measurements reveal an electronic pseudogap forming in the metallic phase for high carrier concentrations (x ∼ 0.35 − 0.45). Similar effects on phonons have been observed in underdoped cuprates 17 , possibly owing to stripe order, whose temperature dependence is also non-trivial. The phonon self energy at ( 4 , 0, 0). In nickelates 16 , inelastic neutron scattering reveals strong softening and branchsplitting of longitudinal optical (LO) phonons on doping. Finally, strong phonon renormalizations have also been reported in doped bismuthates 18 , which possibly owe their origin to interplanar charge fluctuations.
The importance of our results, although found in a simple one-band model without Coulomb interaction effects, is in establishing that close to a polaronic crossover, strong phonon damping effects can be described by a Gaussian fluctuation theory done in real space. Moreover, we can also capture precursor of band-splitting feature and large softenings before the crossover sets in at finite (T ∼ Ω) temperatures. A more detailed comparison with manganites can be done incorporating double exchange (DE) and Jahn-Teller (JT) effects within the The phonon spectral maps at the same parameter points same framework.
V. CONCLUSION
We have studied the spectrum of phonons in the two dimensional Holstein model in the adiabatic regime across the polaronic crossover in a high density electron system. Our path integral based approach treats the 'static' phonon field exactly, and the quantum fluctuations within a Gaussian approximation on the non trivial static backgrounds. We proceed in two stages, first computing the equilibrium static configurations, and then computing and thermally averaging the phonon spectral function on these backgrounds. The method reproduces the standard perturbative phonon self energy at weak coupling, upto high temperature. Approaching the polaronic transition from weak coupling, naive perturbation theory becomes increasingly inaccurate with increasing temperature and we observe large phonon damping and signature of short range charge correlations in the dispersion. Deep in the polaronic phase we obtain a dispersion where the bandwidth is related inversely to the polaron binding energy E p , and the damping is related to the degree of charge density wave correlations. The damping increases, and the dispersion becomes harder to discern, as temperature increases beyond T CO ∼ t 2 /E p , the charge correlation scale. Closer to the transition the phonon band is much broader due to weaker polaron localisation, and rising temperature quickly makes the spectrum completely incoherent due to large amplitude fluctuations of the classical background. We have quantified these trends for varying coupling and temperature. Our method can handle real lattice geometries, strong coupling, finite temperature, and collective effects at finite electron density, with modest computational effort. This paper sets the framework based on which we will discuss inelastic neutron results in specific materials in the near future.
